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Answer all questions.

(1) (a) Let f : U −→ R be a smooth function (U ⊆ Rn+1 open) and let α : I −→ U be an
integral curve of ∇f . Prove the following :

(i) d
dt (f ◦ α)(t) = ||∇f(α(t)||2 for all t ∈ I,

(ii) If β : J −→ U is such that β(s0) = α(t0) for some s0 ∈ J , t0 ∈ I and ||β̇(s0)|| =
||α̇(t0)||, then

d

dt
(f ◦ α)(t0) ≥ d

dt
(f ◦ β)(s0).

[3+4]
(b) Show that SL2(R), the set of 2 × 2 real matrices with determinant equal to 1, is a 3-

surface in R4. Describe the tangent spaces SL2(R)p, where p =

(
1 0
0 1

)
,

(
2 1
1 1

)
.

[8]

(2) (a) Show that a parametrized curve α in the unit sphere x21 + · · ·+ x2n+1 = 1 is a geodesic
if and only if it is of the form α(t) = (cos at)e1 + (sin at)e2 where e1, e2 are a pair of
orthogonal unit vectors in Rn+1. [7]

(b) Let S be a n-plane in Rn+1. Show that parallel transport in S is independent of the
path. [8]

(3) (a) A smooth tangent vector field X on an n-surface S is said to be a geodesic vector field
if all its integral curves are geodesics of S. Show that a smooth tangent vector field X
on S is a geodesic vector field if and only if the covariant derivative

DX(p)X = 0

for all p ∈ S. [8]
(b) Find a global parametrization of the plane curve x2 − ax21 = c, a 6= 0 and compute its

curvature κ. [7]

(4) (a) Let ϕ be the parametrized surface in R3 given by

ϕ(θ, φ) = ((a+ b cosφ) cos θ, (a+ b cosφ) sin θ, b sinφ).

Compute the principal curvatures and the Gaussian curvature of the surface. [10]
(b) Let g : U −→ R be a smooth function defined on an open set U ⊆ Rn. Define

ϕ : U −→ Rn+1 by

ϕ(u1, . . . , un) = (u1, . . . , un, g(u1, . . . , un)).

Show that

V (ϕ) =

∫
U

(
1 + Σ(∂g/∂ui)

2
)1/2

.

[5]
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